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Abstract

CCruncher computes the credit risk of massive loan portfolios taking into
account default correlations between economic sectors. This is done by
determining the probability distribution of portfolio loss using the Monte
Carlo method. The simulation of obligor’s default times is achieved using
a copula that combines the survival functions with the observed sectorial
correlations. Risk is obtained using the usual risk statistics, including
Expected Loss, Value at Risk and Expected Shortfall.

Keywords: credit risk, Monte Carlo, survival functions, Gaussian
copula, t-Student copula, value at risk, expected shortfall, block matrix.
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I INTRODUCTION

1 Introduction

This introduction was originally published in Ercim News 78 [14] as a contribu-
tion to the special theme Mathematics for Finance and Economy. There have
been done some minor changes in order to adapt to the current situation.

Financial institutions need tools to simulate their credit portfolios in the same
way that they simulate their equity portfolios. CCruncher allows each payment in
a massive loan portfolio to be simulated, taking into account the probability of
default for each creditor and the correlations between them.

While the portfolios of loans given to SMEs and portfolios of corporate bonds
do not have the glamour of the equity or foreign exchange markets, they are
nevertheless the core business of many financial institutions. Such portfolios tend
to have values of thousands of millions of dollars and may be composed of tens
of thousands of small loans.

At first glance, credit portfolios may seem harmless because payments are based
on pre-agreed dates. Nothing could be farther from the truth. Defaults frequently
occur in clusters, affecting entire sectors of industry. The correlation between
defaults is the main difficulty in risk assessment, and this is the rationale behind
many of the approaches to credit risk valuation. The impact of the correlation on
the loss distribution function is notorious, and causes an asymmetrical distribution
function with long tails.

CCruncher is an open-source project for the simulation of massive portfolios
of loans where the unique risk is the default risk. It is addressed to financial
institutions searching for a well-documented and efficient tool. It consists of
an engine that runs in batch mode and is designed to be integrated into the
risk management systems of financial institutions for risk assessment and stress
testing. The method used to determine the distribution of losses in the portfolio
is the Monte Carlo algorithm, because it allows us to consider the majority of
variables involved, such as the date and amount of each payment. This approach
is conceptually equivalent to the valuation of portfolios of equities and derivatives
using the Monte Carlo method. In the case of market risk, the price of the
underlying assets is simulated using a geometric Brownian motion with a given
volatility and trend. In the credit risk case, obligors’ defaults are simulated using
a copula with given survival rates and correlations.

Sklar’s theorem states that any multivariate distribution can be decomposed into
two parts, the marginal distributions and a copula that reflects the structure of
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I INTRODUCTION

dependencies between components. This result is important because it allows us
to separate the default probabilities from the default correlations.

CCruncher implements two of the most commonly used copulas in finance, the
Normal and T-Student copulas. Because the default time of each obligor is mod-
elled as a random variable, the size of the copula can be over 50.000, where each
component represents a obligor. Simulating low-dimensional copulas poses no
problem, but many of the algorithms operating in low dimensions are unsuitable
for large dimensions. To solve this problem, the Cholesky decomposition was
adapted to operate with a large correlation matrix composed of blocks, in order to
reduce the memory space and the number of operations involved.

PORTFOLIO LOSS AT 1 YEAR OF 100 LOANS OF 1% AND P{default)=10%
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Figure 1: Impact of correlation and copula selection on portfolio loss distribution

Each Monte Carlo run simulates the default time for each debtor by combining
a copula sampling with the survival functions. This default time is used to
determine the loss caused by the default, mitigated by an estimated recovery at
a given time. The default amount is discounted to the present value using the
interest rate provided by the yield curve. The sum of all losses provides the
loss value of the portfolio for that simulation. The completion of thousands of
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2 PARAMETERS

simulations allows us to obtain the loss distribution function and compute the
usual risk indicators, such as the Value at Risk or Expected Shortfall. Depending
on the portfolio size and the required accuracy, the computational cost may be
high.

CCruncher is currently a one-man project with no financial support, and is looking
for collaborators with expertise in applied and/or theoretical financial mathematics
to participate in a GPL (GNU General Public License) structure. The CCruncher
system has been tested against both simple hand-made portfolios and large auto-
matically generated portfolios. Future work is being considered to add a graphical
interface to make the tool available to the public, such as portfolio bond managers.

2 Parameters

This section explains the input parameters that are required by CCruncher.

2.1 Ratings and Survival Functions

A credit rating estimates the probability that an individual or corporation will pay
back a loan. A poor rating indicates a high risk of defaulting. Each rating has an
associated survival function. This function indicates the probability that a obligor
with an initial rating (X)) will not have defaulted at time ¢.

Survival Function
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Figure 2: Survival functions



2.2 Sectors and Correlations 2 PARAMETERS

The survival data is often not available, and where it is available, it is often incon-
sistent or not representative. For this reason, it is better to work with the transition
matrix, assuming that the rating transitions follow a Markov model. Appendix
A.1 shows how to determine the survival functions using the transition matrix.

2.2 Sectors and Correlations

The risk of a credit portfolio depends crucially on correlations between economic
sectors. These sectors are groupings of companies that react similarly to economic
conditions. Some examples of sectors include: energy, financial, technology, me-
dia and entertainment, utilities, and health care. Default correlations between
sectors measure the default time dependence between the defined sectors. This
can be expressed in tabular form:

‘ Sector; ... Sector,,
Sectory P11 .,
X " pi; = Corr(Sector;, Sector;)
Sector,, | pim - Pmm

Note that diagonal elements are different than 1 because they are the default time
correlations between members of the same sector. The elements outside of the
diagonal are default time correlations between elements of distinct sectors.

Appendix A.3 demonstrates a simple method to obtain an estimation of the corre-
lations table based on the historical information about defaults.

2.3 Portfolio

The portfolio is composed by the obligors. Each obligor has an initial rating,
belongs to a sector and has one or more assets. Each asset is defined by its creation
date, expected exposure and recovery at certain dates.

Exposure. Amount that lender can lose in case of obligor’s default on the indi-
cated date. When cashflow events are know in advance (see Figure 3) exposure at
date ¢ can be computed as:

exposure, = g cashflow;

1>t



2.3 Portfolio 2 PARAMETERS
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Figure 3: Asset cashflow example

Recovery. It is a ratio that indicates the portion of loss that will be recovered
in the case of default at a fixed time. This value takes into account guarantees,
including the cost of taking legal action, and recovery rate based on historical data.

If a obligor defaults, the loss is the exposure weighted by the recovery rate at the
default time.

loss; = (1 — recovery,) - exposure,



3 RESOLUTION

3 Resolution

This section explains how CCruncher computes the credit risk of a portfolio. Fig-
ure 4 shows the schema followed to simulate the portfolio losses.

Random Numbers

u[o,1]
A
Correlations Correlated Random Numbers
Obligors’ Correlations [ Copula]

y

Transition Matrix or
Survival Function

Simulated Default Times

Portfolio Definition
Exposure / Recovery

Simulated Portfolio Loss

Figure 4: Monte Carlo simulation schema

3.1 Obligors correlation matrix

We need to translate from default correlations between sectors to default correla-
tions between obligors. Suppose we have n obligors and m sectors. Each obligor
belongs to a sector. p; ; are the estimated default time correlations between sec-
tors:

‘ Sector; ... Sector,,
Sector; | p11 ... ;1
’ " pi.; = Corr(Sector;, Sector;)
Sectory, | pim - Pmm

Sort the obligors so that those who belong to sector 1 are at the beginning and
those in sector m are at the end. Then, create the obligors correlation matrix, tak-
ing as the correlation between two obligors the correlation between their sectors
(see Figure 5).
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1 <o P11 Pk -+ Plk Pim -+ Plm
P11 .- 1 PLk -+ Pl PLm -+ Pim
Pk - Plk Lo gk Pkm -+ Pkm
=] Do : :
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Figure 5: Obligors correlation matrix

Observe that this is a correlation matrix (symmetric, |p; ;| < 1, p;; = 1) that is
composed of blocks. This matrix will be decomposed using the Cholesky algo-
rithm, so it must be positive-definite.

3.2 Monte Carlo simulation

Monte Carlo methods are a class of computational algorithms for simulating the
behaviour of various physical and mathematical systems. Each simulation con-
sists of computing a random default time for each obligor and then calculating the
loss of the portfolio. Default times must fulfil two conditions: the obligor’s sur-
vival functions and the obligor’s correlation matrix. The link between the marginal
distributions (survival functions) and the dependence structure (correlations) is
achieved with a copula.

3.2.1 Correlated random numbers generation

A copula [12] [15] is a multivariate random variable in which each component is
uniform, U0, 1]. Each simulation requires a set of random numbers between [0, 1]
and is correlated with the obligors correlation matrix, ..

Uy | Ui | ... | Ulp n number of obligors
U2l | U2 | ... | U2p k number of simulations

Ukl | Uk |« - | Ukn COT?“(U.z’,U.j) = Eij
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3.2 Monte Carlo simulation 3 RESOLUTION

Two copula generators, the Gaussian and the t-Student copulas, are implemented.
These two copulas have good properties: they are commonly used in finance,
exist algorithms to simulate them for any correlation matrix, and these algorithms
work for large dimensions (see Appendices A.4 and A.S).

Erik Kole et al. [4] have compared some copulas used in risk management. They
observe that the t-Student copula can be considered to model the dependence be-
tween the different elements of a portfolio:

“For a portfolio consisting of stocks, bonds and real estate, these
tests provide clear evidence in favor of the Student’s t copula, and
reject both the correlation-based Gaussian copula and the extreme
value-based Gumbel copula. In comparison with the Student’s t cop-
ula, we find that the Gaussian copula underestimates the probability of
joint extreme downward movements, while the Gumbel copula over-
estimates this risk. Similarly we establish that the Gaussian copula is
too optimistic on diversication benefits, while the Gumbel copula is
too pessimistic. Moreover, these differences are significant.”

3.2.2 Default times simulation

Given a obligor k£ and a random number (u; € [0, 1]) (generated using a cop-
ula), we simulate the default time considering the inverse of the obligor survival
function at uy [3]. Figure 6 shows this graphically.

uniform
simulation

1 T T

—— BBB Survival function

0 y L 1 a 1

Time To Default (in years)

Figure 6: Default time generation with initial rating BB B
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3.2.3 Portfolio loss evaluation

At this point, all obligors have a simulated default time. The loss caused by any
obligor is the exposure at the default time weighted by the recovery at the default
time. To obtain the simulated value of the portfolio loss, add up all obligors’
losses:

N
PortfolioLoss = Z ObligorLoss;

i=1

where N is the number of obligors in the portfolio. For each obligor, we use
the simulated default time, ¢;, described in the previous section, to compute the
obligor loss:

K;

ObligorLoss, — { > (1= recovery{i) : exposure{i ift, <T
‘ 0

ift, >T

where /; is the number of assets subscribed to obligor ¢, recovery{i is the recovery
of the asset j of the obligor 4 at time ¢;, exposure;, is the exposure of the asset j
of the obligor ¢ at time ¢; and 7" is the time horizon where risk is computed.

3.3 Risk computation

After N simulations (eg. 20000, 500000 or more) we have a list of numbers,
x1, ..., Ty, in which each number represents a simulated portfolio loss. The more
values there are, the more accuracy there is in the results. All risk statistics (e.g.,
Expected Loss) have an error margin that will be estimated.

12
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Economic Capital at 99% confidence
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Figure 7: Portfolio loss at time 7’

3.3.1 Expected Loss

The expected loss is the mean of the portfolio loss distribution. The Central Limit
Theorem [13] grants that:

o -
uzﬁicb‘l( 20‘)-i

where « is the error confidence level, ¢! is the N (0, 1) inverse cumulative dis-
tribution function, and [z and & are the mean and standard deviation estimators,
respectively:

LN
M—N;Ii

Q)
Il
‘H

M=

)
|
=)
e

3.3.2 Portfolio Loss Standard Deviation

Another usual risk statistic is the standard deviation of the portfolio loss. The
Central Limit Theorem [13] grants that:
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3.3 Risk computation 3 RESOLUTION

1—a el
c=0+¢ " .
¢ ( 2 ) V2N
where « is the error confidence level, gb” is the N (0, 1) inverse cumulative dis-

tribution function, and o is the standar deviation estimator that was defined previ-
ously.

3.3.3 Value At Risk

Value at Risk [9] is the most commonly used risk value. We call it VaRg where (3
is the VaR confidence level (e.g., VaR at 95%). VaR is another way to say quantile.
Thus, VaRg = ¢3 = inf{z|F(z) > [} and

1
VaRj = @5 + ¢~ <Ta) - stderr(gp)

where « is the error confidence level, 3 is the VaR confidence level, ¢! is the
N(0, 1) inverse cumulative distribution function, qp is the quantile estimator, and
stderr(gg) is the estimation of the standard error.

(j\ﬁ = Tk:N
where
k k+1
° k‘fulﬁlSNSﬁ<T
e 1.y 18 the k-th element of ascendant-sorted values.

Determine stderr(qgg) using the Maritz-Jarret method described in [7]:

M = [NB+0.5

a = M-1
b = N—M' ’
W; = B(a, b,%) — B(a, b,%)

Cp = S Wi-al

where [x] is the integer part of x and B(a, b, x) is the incomplete beta function:

Bla,b,z) — % /0 (1 — 1) dt

Thus,
stderr(gs) = 1/Cy — C?

14



3.3 Risk computation 3 RESOLUTION

3.3.4 Expected Shortfall

VaR is not a distance because it does not fulfil the sub-additive property [8],
VaR(A + B) £ VaR(A) + VaR(B). Similar to VaR, Expected Shortfall is
a consistent risk measure [2]. It can be described as the average of the 5% worst
losses:

ESs=ESs+ ¢! (1_70‘) - stderr(ESj)

where « is the error confidence level, (3 is the ES /Qnﬁdence level, ¢~ is the
N(0,1) inverse cumulative distribution function, £S; is the ES estimator and
stderr(ESg) is the estimation of the standard error.

If we select the simulation portfolio loss values (x1, ..., xy) that are bigger than
VaRg,

Y1, Y2, Y3, YK where y; > VaRg

then,

1 XK
ESy = K Zyz
=1

ﬁ Efil (yz - E§B>2
VK

stderr(ESs) =

3.3.5 Economic Capital

Compute the Economic Capital at confidence level (3 as:

Economic Capital = Vallg — Expected Loss

15



3 RESOLUTION

3.3 Risk computation
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4 OTHER CONSIDERATIONS

4 Other considerations

CCruncher takes into consideration other concepts that have not been discussed
up to this point with the purpose of simplifying the content.

4.1 Stochastic exposure

In most cases, exposure is not known in advance and is estimated based on his-
torical data. CCruncher allows to describe the exposure of an asset at time 7 using
the lognormal, exponential, uniform, gamma, and truncated normal distributions.
When obligor defaults, CCruncher simule a value from the exposure distribution
at time 7 to determine the asset loss.

4.2 Stochastic recovery

In most cases, recovery is not known in advance and is estimated based on histor-
ical data. CCruncher allows to describe the recovery of an asset at time ¢ using the
beta distribution, the most popular recovery distribution. When obligor defaults,
CCruncher simule a value from the recovery distribution at time ¢ to determine the
asset loss.

4.3 Risk aggregation

CCruncher simulates the whole portfolio loss at time 7'. It also allows (in the same
execution) the simulation of subportfolios by defining one or more aggregators.
Consequently, one can determine which obligors (or products, branches, regions,
assets, etc.) increase the risk of the portfolio. Each subportfolio has its own list
of simulated values that can be processed to obtain the risk indicators for this
subportfolio.

4.4 Yield curve

CCruncher can consider that the value of money decreases with time, following a
curve (e.g., a yield curve). CCruncher use this curve to compute the present value
of the exposures. Allowed methods are simple interest, compound interest and
continuous interest. The formulas used to compute the present value are:

_ C _ C _ C
CtO o 1+r-(tt—t0) CtO o (1+r)(tt*t0) Oto T exp(%(z—to))
(Simple) (Compound) (Continuous)

17



4.5 Antithetic technique 4 OTHER CONSIDERATIONS

Where t, is the current date, C', is the present value of the exposure at time ¢, C}
is the exposure at time ¢, r is the interest rate given by the yield curve at time ¢
and ¢t — ¢, is the number of years between ¢, and ¢.

4.5 Antithetic technique

The random number generation using a copula is time intensive. The Gaussian and

t-Student copulas are symmetric, which means that (u, us, - - -, u, ) is equiproba-
ble to (1 — uy,1 —ug, -+, 1 — u,). In CCruncher’s antithetic mode, each copula
generation is used twice, (u1, ug, - -+, uy,) and (1 —uy, 1 —ug, - -+, 1 —u, ), reducing

by half the number of generated copulas.

4.6 Parallel computing

Monte Carlo problems are embarrassingly parallel problems. In the jargon of
parallel computing, an embarrassingly parallel workload (or embarrassingly
parallel problem) is one for which no particular effort is needed to segment the
problem into a very large number of parallel tasks, and there is no essential
dependency (or communication) among those parallel tasks.

In CCruncher, the master sends a distinct seed to each slave to initialize its RNG
and waits for results (the simulated values of the portfolio loss) from slaves that
store them in a file. When one of the two stop criteria is achieved (the maximum
execution time or the maximum number of simulations are exceeded), the master
sends a stop signal to the slaves and leaves.

18



5 NUMERICAL EXAMPLE

S Numerical example

We compute the credit risk at 7" = 30 years for the following portfolio.

Id | Obligor name Rating Sector Recovery | Assets

O1 | Future Skyline AA Construction 80% Al

02 | Ramses builds BBB Construction 75% A2, A3

O3 | Gramdateresi AA | Consumer goods 60% A4

O4 | Tantor Pinori BB Consumer goods 90% A5, A6, A7
OS5 | White & Rebolan B Services 30% A8

06 | Adign Consulting BBB Services 60% A9

O7 | Advanced Engineering | AAA Services 50% A10

08 | Sigmacle Research CCC Services 60% All

09 | Loglament Asia AA Services 50% Al2

Table 1: Portfolio composition

The following table lists the asset events in months from the current date.

Month | A1l | A2 | A3 | A4 A5 | A6 | A7 | A8 | A9 | A10 | A1l | A12
6 10$ 100$ 70%
12 50% 20$ | 80$ 20%

36 30%

60 30% 109 20% | 80%

90 30%

120 15% 40% 309

180 40% | 70%

216 10$ 509 80%

240 100$

312 100$ 408 709 70%

360 15% 40%

384 90% 90% 100$ | 90%
Table 2: Asset events

This example assumes that there are no survival functions, but we have the one-
year transition matrix 7} (extracted from [6]).

19



5.1 Obtaining the survival functions 5 NUMERICAL EXAMPLE

AAA  AA A BBB BB B CCC Default
AAA 90.81 833 068 0.06 0.12 0.00 0.00 0.00

AA 0.70 90.65 779 0.64 0.06 0.14 0.02 0.00
A 0.09 227 91.06 552 074 026 0.01 0.06
BBB 0.02 033 59 8693 530 1.17 0.12 0.18
BB 0.03 014 0.67 7.73 80.53 884 1.00 1.06
B 0.00 011 024 043 648 8346 4.07 5.21

CCC 022 0.00 022 130 238 11.24 64.86 19.78
Default | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 100.00

Table 3: One-year transition matrix

The sectorial default time correlations are:

\Construction Consumer goods Services

Construction 0.50 0.20 0.30
Consumer goods 0.20 0.60 0.34
Services 0.30 0.34 0.40

Table 4: Sector correlation matrix

5.1 Obtaining the survival functions

Appendix A.1 is used to compute the survival functions with a time resolution of

1
one month. We scale! the transition matrix to one month by using 7T’ 1= T2,
The one-month transition matrix, 7’ 1, is given by:

99.1972  0.7588  0.0320 0.0020 0.0112 —0.0011 -0.0001  0.0000
0.0635 99.1745 0.7083 0.0392 0.0015 0.0120 0.0018 —0.0007
0.0074  0.2057 99.1980 0.5102 0.0557 0.0189 —0.0001  0.0042
0.0015  0.0239 0.5507 98.8021 0.5164 0.0871  0.0077 0.0107
0.0027  0.0113 0.0396 0.7581 98.1558 0.8774  0.0889 0.0664
—0.0007 0.0098 0.0196 0.0111 0.6447 98.4443  0.4463 0.4249
0.0233 —0.0023 0.0170 0.1287 0.2166  1.2298 96.4213  1.9657
0.0000  0.0000  0.0000 0.0000 0.0000 0.0000  0.0000 100.0000

Note the negative values in the computed one-month transition matrix. These
values result from the fact that the original matrix (7}) is not a regular Markov

'CAUTION: calculations should be performed using absolute values, not percentages.
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5.1 Obtaining the survival functions

5 NUMERICAL EXAMPLE

matrix. In these cases, CCruncher regularizes the matrix by applying the algo-
rithm described in Appendix A.2. To simplify this example, the negative values

are replaced by 0.

Compute the survival values at month one by using the one-month transition ma-

trix (the d subindex means the default column):

100
100
100
S(.,1month) = 1— (Ty0)a= | 100 | —
100
100
100

Then, compute the survival values at month two:

100
100
100
S(.,2months) =T — (T)3,)a = | 100 | —
100
100
100

Next, compute the survivals values at month three:

100
100
100
S(.,3months) =T — (T7)3,)a = | 100 | —
100
100
100

Repeat the same procedure for 360 months to obtain the survival functions shown

in Table 5.
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5.1 Obtaining the survival functions 5 NUMERICAL EXAMPLE

Month AAA AA A BBB BB B CCC
100.000 100.000 99.996 99.989 99.934 99.575 98.034
100.000 100.000 99.992 99.978 99.863 99.148 96.134
100.000 100.000 99.987 99.966 99.788 98.718 94.296
100.000 100.000 99.983 99.953 99.709 98.286 92.518
100.000 100.000 99.978 99.939 99.626 97.853 90.798
100.000 100.000 99.973 99.925 99.539 97.418 89.134
100.000 100.000 99.968 99.909 99.448 96.981 87.525
100.000  100.000 99.963 99.893 99.353 96.544 85.967
100.000 100.000 99.957 99.876 99.255 96.106 84.460
100.000 100.000 99.952 99.858 99.153 95.668 83.000
100.000 100.000 99.946 99.840 99.048 95.229 81.588
100.000 100.000 99.940 99.820 98.940 94.790 80.220
100.000  99.999 99.934 99.800 98.828 94.351 78.896
100.000  99.998 99.928 99.778 98.714 93912 77.613
100.000  99.997 99.921 99.756 98.596 93.474 76.370

ke
T E PR DDV N N A WD —

169 99.213  97.964 95.345 88.888 72479 50.213 28.155
170 99.200 97.936 95.292 88.793 72.333 50.062 28.073
171 99.187  97.908 95.240 88.698 72.188 49912 27.992
172 99.173  97.880 95.187 88.604 72.043 49.764 27911
173 99.159  97.851 95.134 88.509 71.899 49.616 27.832
308 95.906 92251 86.516 76.085 56.684 35.993 20.548
309 95.871  92.198 86.445 75.999 56.596 35924 20.511
310 95.837  92.145 86.375 75913 56.509 35.855 20.474
311 95.801 92.093 86.304 75.828 56.423 35787 20.437
312 95.766  92.040 86.234 75.742 56.336 35.719 20.400
358 93.986  89.478 82955 71.932 52.638 32.889 18.868
359 93.944  89.419 82.883 71.851 52.563 32.833 18.838
360 93.902 89.361 82.812 71.771 52.488 32.778 18.808

Table 5: Survival functions table
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5.2 Creating the obligors correlation matrix

Use Section 3.1 to create the obligors correlation matrix. In this example, the
debtors are sorted by sector, and therefore, no reorder is required.

5.3 Copula initialization
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0.40
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1.00
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1.00
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0.40
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In this example, we simulate the default times using a Gaussian copula. We
compute the covariance matrix, 3, following Steps 1 and 2 in Appendix A.4.

Create the covariance

2sin(% pij):

Y=

1.0000
0.5176
0.2091
0.2091
0.3129
0.3129
0.3129
0.3129
0.3129

0.5176
1.0000
0.2091
0.2091
0.3129
0.3129
0.3129
0.3129
0.3129

matrix

0.2091
0.2091
1.0000
0.6180
0.3542
0.3542
0.3542
0.3542
0.3542

¥’ by mapping each ¥ component, p;;, to

0.2091
0.2091
0.6180
1.0000
0.3542
0.3542
0.3542
0.3542
0.3542

0.3129
0.3129
0.3542
0.3542
1.0000
0.4158
0.4158
0.4158
0.4158

0.3129
0.3129
0.3542
0.3542
0.4158
1.0000
0.4158
0.4158
0.4158

Next, apply Cholesky to ¥’. Then ¥/ = B - BT, where:

1.0000
0.5176
0.2091
0.2091
0.3129
0.3129
0.3129
0.3129
0.3129

0.0000
0.8556
0.1179
0.1179
0.1764
0.1764
0.1764
0.1764
0.1764

0.0000
0.0000
0.9708
0.5773
0.2760
0.2760
0.2760
0.2760
0.2760

0.0000
0.0000
0.0000
0.7805
0.1392
0.1392
0.1392
0.1392
0.1392

0.0000
0.0000
0.0000
0.0000
0.8806
0.2172
0.2172
0.2172
0.2172
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0.0000
0.0000
0.0000
0.0000
0.0000
0.8534
0.1688
0.1688
0.1688

0.3129
0.3129
0.3542
0.3542
0.4158
0.4158
1.0000
0.4158
0.4158

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.8365
0.1382
0.1382

0.3129
0.3129
0.3542
0.3542
0.4158
0.4158
0.4158
1.0000
0.4158

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.8250
0.1170

0.3129
0.3129
0.3542
0.3542
0.4158
0.4158
0.4158
0.4158
1.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.8167




5.4 Monte Carlo simulation 5 NUMERICAL EXAMPLE

5.4 Monte Carlo simulation

Each Monte Carlo trial consists of three parts: the copula simulation, the default
times simulation and the portfolio loss evaluation.

Copula simulation. To simulate the Gaussian copula, we follow Steps 3 to 5 in

Appendix A.4. To simulate the multivariate Z ~ N (0, '), simulate nine inde-
pendent N (0, 1) variables and multiply by B.

+0.0689 +0.0689
—0.3096 —0.2292
—0.2790 —0.2929
+0.4435 +0.1630
Z=B-| —-1285 | =] —1.1803
—0.8553 —1.0575
—0.6456 —1.0120
—0.0275 —0.5839
—0.6733 —1.1143

Finally, obtain the copula U in the following way:

$(40.0689) 0.5275
®(—0.2292) 0.4093
®(—0.2929) 0.3848
$(40.1630) 0.5647

U=| ®(-1.1803) | =] 0.1189
®(—1.0575) 0.1452
®(—1.0120) 0.1558
®(—0.5839) 0.2797
P(—1.1143) 0.1326

where ®(z) is the N (0, 1) cumulative distribution function.

Default times simulation. To simulate the default time, use the inverse of the
survival functions, as explained in Section 3.2.2. The first obligor has an initial
rating AA and a copula value of 52.75. In Table 5 search for the month in which
AA is close to 52.75, and consider this month, 961, as the month in which the first
obligor defaults.

24



5.4 Monte Carlo simulation

5 NUMERICAL EXAMPLE

Portfolio loss evaluation.

—

Obligor | Rating U; Default month
Ol AA | 0.5275 961
02 BBB | 0.4093 898
o3 AA | 0.3848 > 1000
04 BB | 0.5647 310
05 B 0.1189 > 1000
06 BBB | 0.1452 > 1000
o7 AAA | 0.1558 > 1000
08 CCC | 0.2797 171
09 AA ] 0.1326 > 1000

Table 6: Simulated default times

To evaluate the portfolio loss, we use the simulated
default times and the portfolio composition (Tables 1 and 2), as explained in Sec-

tion 3.2.3.

Obligor | Default month | Asset | Exposure | Recovery | Loss
Ol 961 Al 80%
02 898 A2 75%
02 898 A3 75%
o3 > 1000 A4 60%
04 310 A5 | 708 +90% 90% 16$
04 310 A6 15% 90% 1.5
04 310 A7 90%
05 > 1000 A8 30%
06 > 1000 A9 60%
o7 > 1000 A10 50%
08 171 All | 408 +90% 60% 52%
09 > 1000 Al2 50%

The simulated portfolio loss is the sum of all asset losses, or $ 69.5 in this Monte

Carlo trial.

Table 7: Portfolio loss evaluation
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A Appendices

A.1 From transition matrix to survival functions

The T'-years transition matrix gives the probability of changing from rating r; to
rating 7; in a period of 7" years:
mi1 ... Mip
My = Pt mi; = P(ri —r;T)
Mmp1 ... Mpnp
where n is the number of ratings and m; ; is the probability that a obligor with
rating 7; changes to rating r; in 7" years. Figure 9 shows a transition matrix in

which the probability that a obligor with rating AA changes to rating B in one
year is 0.14%.

AAA  AA A BBB BB B CCC Default
AAA 90.81 833 068 0.06 0.12 0.00 0.00 0.00

AA 0.70 90.65 779 0.64 0.06 0.14 0.02 0.00
A 0.09 227 91.056 552 074 026 0.01 0.06
BBB 0.02 033 59 8693 530 1.17 0.12 0.18
BB 0.03 014 067 773 80.53 884 1.00 1.06
B 0.00 0.11 024 043 6.48 8346 4.07 5.21

CCC 022 000 022 130 238 11.24 64.86 19.78
Default | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 100.00

Figure 9: One-year transition matrix

The transition matrix can be scaled in time by using the following rules:

Mr, 41, = Mp, - My,

My.p = My, (1)
M% = \/Mrp

The root of a matrix can be computed as:
M=P-D-P'— M =pP-D".P"

where P is a matrix composed of the eigenvectors of M, and D is a diagonal ma-
trix composed of the eigenvalues of M. The inverse of matrix P can be computed
using the LU decomposition, as explained in Numerical Recipes in C*:

Zhttp://www.nr.com
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P-P'=L.U-P'=1Id

Sometimes, the scaled transition matrix does not satisfy the Markov conditions
(the row sum is equal to one, and all elements are non-negatives). In this case,
we need to transform this matrix to the relevant Markov matrix. This process is
called regularization and is explained in Appendix A.2.

Thus we can compute the default probability at any time and at any initial rating
(in other words, the survival functions) by calculating:

Survival(ri, t) =1 — (M), ,

where r; is the initial rating, ¢ is the time, M, is the transition matrix for time ¢
(scaled from M7y using (1)), and n is the index of the default rating, 7,,.

A.2 Transition matrix regularization

The algorithm described here is extracted from [1]. The QOM (Quasi-
Optimization of the root Matrix) algorithm regularizes a transition matrix, m;;,
of dimension n row by row. The steps to regularize the ¢-th row are:

Step 1. Compute the difference between the row sum and one. Divide by n and
subtract this value from all non-zero components:

1 n
mij#0:>mij:mij—ﬁ (me—1>
j=1

Step 2. If all the row elements are non-negative and sum to one, then stop, as
the row is regularized.

Step 3. Fix any negative row element to zero and go to Step 1.

Apply the previous algorithm for every row. The algorithm stops after m steps,
where m < n (Merkoulovitch 2000). The final matrix is a regularized matrix.
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A.3 Correlation matrix estimation

In this section, we demonstrate a simple method for estimating the default times
correlation matrix. Suppose that we have the number of components and the num-
ber of defaulted components for each sector for the last few years (e.g., 1980-

2008):

Year | Sector; Sector,, Year | Sector; Sector,,
1 a1 a1m 1 d1,1 dl,m
2 az1 a2 m 2 d2,1 d2,m
3 as, as,m 3 ds d3m
T—-1| ar_1, ar—1m T —1| dr-1, dr_1,m
T ar, ar,m T dra drm

where a; ; is the number of obligors in sector j at year ¢, and d; ; is the number of
defaulted obligors in sector j at year .

We use the following expression of correlation:
P(SiNS;) — P(S;) - P(S;)
VP(S) - (L= P(S)) - \/P(8;) - (1= P(S)))

Correl(S;, S;) =

where

1 < dyy

T

t=1

P(S;) =

atz

T dyidij o .
Zt 1y ar, ifi # j
ZT M ifi:j

t=1 at,q° atz_l)

Observe that P(S;) is the probability that an individual belonging to sector ¢ de-
faults over a year. To determine P(S; N S;), divide all combinations of pairs of
defaulted individuals by all combinations of pairs of individuals. You can find
more information about correlation matrix estimation in [11] and [10].

A.4 Gaussian copula simulation

We describe the algorithm to simulate a Gaussian copula satisfying the correlation
matrix > [15] [5]:
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Step 1. We create the covariance matrix ¥’ mapping each ¥ component, p;;, to
2sin(5pij):

1 2sin(gp12) ... 2sin(gpin)
s 2sin(g p12) 1 oo 2sin(gp2n)
25in(gpin) 25in(gpm) - 1

Step 2. We apply Cholesky? to ¥, then ¥’ = B - B, where:

by O ... O
bnl bn? s bnn

Step 3. We simulate a N (0, 1) n times:

Y1
Y = : yr ~ N(0, 1) independents

Yn

Step 4. We simulate a multivariate normal, Z ~ N (0, 2'):

by 0 ... 0 y ,
. byt by ... O ! ! .
B-y=| 2 S [P P
bnl bn2 bnn In -

Step 5. Finally, we obtain the copula U:
(I)(Zl) Uy
D(z,) Uy,

where ®(x) is the N (0, 1) cumulative distribution function.

3 Appendix A.6 adapts Cholesky decomposition to deal with the block matrix.
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A.5 T-Student copula simulation

We describe the algorithm to simulate a t-Student copula with v degrees of free-
dom to satisfy the correlation matrix X [5]:

Step 1. We create the covariance matrix Y, mapping each > component, p, to

fp):
1 flpia) .. f(pn)
s | Sl 1 )
f(p.ln) f(P.Qn) . 1
where
h(v) = § + samssiisos

sin(h(v)-
flp) = _mg(zg(g)s)

This mapping is done because the correlation used to simulate the copula is
different from the copula correlation. The following lines explain how functions
f and h have been estimated.

We define the function ¢(p, ) as the numerically estimated correlation of a bivari-
ate t-Student distribution with v degrees of freedom, simulated with the procedure
described in this section with f(p) = p. Observe that g~!(z) = f(x). To obtain an
approximation of f(z), we compute g(z) at regular intervals. We fit the computed
values (g(pi,v), pi) to f(z) = sin(a - x)/sin(a) using least squares to determine
the parameter a. We repeat the previous procedure for various values of the vari-
able v. We fit the computed values (v;, a;) to h(y) = § + ﬁ using least squares
to determine the parameters b and c.
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0.6

multiplicative factor

04

relation used to simulate the copula
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0 02 04 06 08 1 0 5 10 15 20 2 30
estimated copula correlation degrees of freedom

Figure 10: T-Student copula correlations

Step 2. We apply Cholesky* to Y/, then X' = B - BT, where:

by 0 ... 0
bnl bn2 s bnn

Step 3. We simulate a N (0, 1) n times:

Y1
Y = : yr ~ N(0, 1) independents

Yn
Step 4. We simulate a chi-square with v degrees of freedom:
s~ X*(v)

Step S.  We simulate a multivariate t-Student distribution with v degrees of free-
dom, Z ~ —2— . N(0,%):

x?(v)
b11 0 ce 0 5
N N byr boy ... O i ' >
~ _.B.Y=2Y_ ] . . : = : =7
\/g \/g : : ..' : . .
bnl bn2 v bnn In “n

4Appendix A.6 adapts Cholesky decomposition to deal with the block matrix.

31



A.6 Cholesky decomposition for a symmetric block matrix A APPENDICES

Step 6. Finally we obtain the copula U:

tl,(Zl) Ul

ty(zn) Un,

where ¢, (z) is the t-Student with v degrees of freedom cumulative distribution
function.

A.6 Cholesky decomposition for a symmetric block matrix

The Cholesky algorithm decomposes a symmetric matrix that is positive-definite
into a lower triangular matrix and the transpose of the lower triangular matrix.
The algorithm description can be found in Numerical Recipes in C:

A=U".U

If we have a portfolio of 50000 obligors, then the correlation matrix size will be
20000 x 50000. This requires up to 19 GB of RAM. The multiplication of this
matrix by a vector implies 2500000000 multiplications. This is far too many. So,
we adapt the Cholesky algorithm in order to consider that the obligors correlation
matrix is a block matrix with 1’s in the diagonal. For instance:

1 05 05 0501 01 0.1
05 1 05 05/01 0.1 0.1
05 05 1 0501 0.1 0.1
A=1 05 05 05 1 |01 0.1 0.1
01 01 01 01,1 0.3 0.3
0.1 01 01 0103 1 0.3
0.1 01 01 01]03 03 1

We decompose the previous matrix using the standard Cholesky decomposition:

1.00000 0.50000 0.50000 0.50000 | 0.10000 0.10000 0.10000
0 0.86603 0.28868 0.28868 | 0.05774 0.05774 0.05774
0 0.81650 0.20412 | 0.04082 0.04082 0.04082

0

U= 0 0 0 0.79057 | 0.03162 0.03162 0.03162
0 0 0 0 0.99197 0.28630 0.28630
0 0 0 0 0 0.94975 0.21272
0 0 0 0 0 0 0.92563

Shttp://www.nr.com
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We can see that U has repeated elements that can be kept in RAM memory in this
way:

1.00000 | 0.50000 0.10000
0.86603 | 0.28868 0.05774
0.81650 | 0.20412 0.04082
U =1 0.79057 0 0.03162

0.99197 0 0.28630
0.94975 0 0.21272
0.92563 0 0

That is, for each row, we keep the diagonal value and the value of each sector.
With this strategy, the required memory size is N x (M + 1), where N is the
number of obligors, and M is the number of sectors. With this consideration, the
memory required to store a 50000 x 50000 obligors correlation matrix is only 4.2
Mb.

We use the fact that matrix U has repeated elements to reduce the number of
operations that are required to multiply U by a vector. For example:

(U-z); = 0.0z, + 0.86603 - 75 + 0.28868 - x5 + 0.28368 - 24+
0.05774 - 25 + 0.05774 - 26 + 0.05774 - 27
= 0.86603 - x5 + 0.28868 - (x5 + 24) + 0.05774 - (w5 + 6 + 27)

Considering this, we can reduce the number of operations from N2 to N x (M +
1), where N is the number of obligors, and M is the number of sectors. In the
50000 obligors example, the operations number reduces from 2500000000 to only
500000.

A.7 Condition number for a symmetric block matrix

The condition number of a matrix indicates how far or close it is to a singular
matrix. If the condition number is close to 1, then the matrix is said to be well-
conditioned; a matrix with a high condition number is said to be ill-conditioned.

Given a symmetric block matrix with 1’s in the diagonal, 32, we desire to obtain the
condition number of the Cholesky decomposition matrix, 5. Using the condition
number definition and its properties, we know that:

w(B) = |Bll2- B2 = ZZZ% B i:éii
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where 0, (B) and 0,,;,(B) are the maximal and minimal singular values of B,
respectively, and A4, (2) and \,,;,,(2) are the maximal and minimal absolute val-
ues of the eigenvalues of Y, respectively. The eigenvalues of Y. can be computed
using the following unproved proposition.

Proposition. Let > be a symmetric block matrix with 1’s in the diagonal, where
k is the number of blocks, a;; is the block value and n; is the dimension of the i-th
block. Then, the eigenvalues of Y are:

1—ay, -, 1—an,l —ag, -, 1 —ax, -1 —ag, -, 1 —ag, A1, -, Ak
N ~~ A ~~ J/ N ~~ J/
ni—1 no—1 ng—1

where \; are the eigenvalues of the following deflated matrix:

1+ (ng—1)-ap N9 * 12 Ng - A1g
ny - a2 1+ (nog—1)-ag --- ny, - Aoy,
K = )
ny - aqk N9 * Ao o 14 (ng—1) - agg
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